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Abstract

The purpose of this article is to establish Jackson-type inequality in the polydi$asf CV for
holomorphic spaces X, such as Bergman-type spaces, Hardy spaces, polydisc algebra and Lipschitz
spaces. Namely,

Eg(f 050 (T7k £.X).

where E;(f, X) is the deviation of the best approximation ffe X by polynomials of degree at

mostk; about theth variablez ; with respect to the X-metric and(l_/l)c, [, X) is the corresponding
modulus of continuity.
© 2005 Elsevier Inc. All rights reserved.

MSC:primary 41A17; secondary 32A36

Keywords:Bergman spaces; Modulus of continuity; Polynomial approximation

1. Introduction

Jackson’s theorem (s¢4]) is an important result in the theory of approximation treat-
ing the deviation of the best approximation of a function by polynomials. It has been
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established for various classes of functions and for moduli of continuity of arbitrary order
(see[4,17,9,15,2,6,7,14,16]). In this paper we are concerned with an extension of Jack-
son’s theorem to holomorphic function spaces in the unit polydiscs. This is motivated by
the following well-known versions of Jackson’s theorem in the complex unit disc due to
Storozhenko [12,13], Sewell [11], and Jackson [8], respectively.

Theorem 1.1(Storozhenk§l12,13]). Let f € H?(U), the Hardy space in the complex unit
discU with0 < p < oo, then for anyk € N we have

inf [1f — Pell oy <C(p) sup suplf(e’'z) — f(2)l,
PreMy h| < Yk zeU

whereM,, denotes the set of all polynomials of degree at most

Theorem 1.2(Sewell[11]). Let f € A(U), the disc algebrathen

inf max|f(z) — Pi(z)|<C sup sup|f(ez) — f(z)l.
PreMy zeU |h| <Yk zcoU

Theorem 1.3(Jacksor{8]). Let f € Lip,(U), the Lipschitz spacehen

1
inf max — P, =0\|—).
Nt max|f(z) = P2 ( k,)

Theoreml.1 has been extended by Colzani [3] to the unit polydisc with the polynomial
spaces M replaced by M(U"), the polynomial spaces of degrees N in UV . In [1],
Anderson et al. considered the generalization of Theorem 1.3 to Jordan domains of the
complex plane.

The main purpose of this article is to extend Theorems 1.2 and 1.3 to the case of poly-
discs. Moreover, many other holomorphic spaces are also considered, such as Bergman-
type spaces, Hardy spaces and Sobolev spaces. Instead of the polynomial approximation in
M (U") considered by Colzani, we shall consider further the approximation,;iaM’/)
of vector degree, i.e., the set of all polynomials whose degree abojth treiable’s are at
mostk; for eachj = 1, ..., N. Here the degrekis a vectork = (ky, ..., ky).

2. Preliminaries

Let UV be the unit polydisc ofC" with the Shilov boundary™ (see [10]). For any
2= (z1,...,zy) € CV, if we denote

Z = max |zj|,
I2llna = max 21

thenU" is the unit ball with respect to the above norm.



G. Ren, M. Wang / Journal of Approximation Theory 134 (2005) 175-198 177

We shall use the following abbreviated notations. We write

N
k=T
j=1

1 1
Uk=(—,....,—),
k1 kn
70 = (161, ..., ANON)
foranyk = (k1,....ky) € NV, A= (A1,...,Ay), 0 = (01, ..., dn), and non-negative
integerm. We also writelp = d¢ ---dy. For any multi-indexr = («g, ..., o), we

denotelo = ag + -+ + oy, 2% = 231 -+ - z3", and byx > 0 we mean that each component

a; > 0. In polar coordinates we write= r{ with r € IV def [0, DN and{ e TN.

For any non-negative functioigndg, we write f g, if there exists a positive constant
C such thatf < Cg. Analogously, we also writg ~ g if f<gandg<f.

To consider the holomorphic Jackson’s theorem in polydiscs, our approach is to construct
the best approximation of polynomials with a kind of complex measur@€'qrvhose total
variations are given bgeneralized Jackson’s kernels:

28
sin—
def
7l £ —g
sin—
2
For generalized Jackson kernels, we need the following results:

Lemma 2.1(See DeVore et al4, p. 203]). Letk, f € N.

(A) There exists constant§ g(k), such that the generalized Jackson Kernel

Blk—1)

/) = 3" ¢ 5k cosio.
=0

(B) Foreachp e N,
VA

By % / 7/ 6) a0 ~ k%1
—T

ask — +oo; and there is a constard for which

1 s
—/ 0l ao<cgk™, u=01,...,28-2
Bi.p Jo
Lemma 2.2. Letf > 1andk = (kq, ..., ky) € NV then

N
f[ T[T @) 0kt 1 do = 0@,
—mmN gt
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. . . 2
Proof. For anyx € [0, g], we have bink;x| <k;|sinx| and sinx > —x. Denoter = 2,
s

then
sin4 ¢ '
27
lo kil +1)do;
/[—n,rc) sin &L (pj ( 7 ) /
kj ? .k t
sin=o; Sin-¢;
2 2
=2/ < ((/)jkj-l—l)dgoj-l-Z/ —| (¢jkj+1) do,
0.&)| sin= [Z.m| sin=
J J
<2/ K (¢ jkj +1) d<pj+2n’/ (p;’ (@jkj+1) do;
[0,%) [,7’;.,7!)
=2 kl‘ l+nkt 1 +27‘C k] (kt_72_1)n2—t+ 1 (kt_fl_l)nl—t
2/ t—2 r—1""/
_ t—1
_O(kj ).
Since

N
lpkllmax+ 1= 1@ okjol + 1< (19 k51 + 1)

j=1
for somejp, we have
ki
Sn’(/)
/ i T2 ket D dop
nn)N -1 IHT
N /(/’/ N
/ /l_[ .(p, 1_[(|<o,k|+1>d<p1 -doy
-7 -7 j=1

(9;kil+ 1D de; = OK'™).

I

This completes the proof.D

sm

Now we introduce the required normalized complex mead;uﬁe{q;) on[—m, m)N. We
fix a > 0 and define

N i ki+1 a+1
N AE o1k | L= (p;e'?)
dif () =i"Cy [ Jpje' D | ——L——|  do.
j=1 L—p;e®
where
. N
ck = H(zm'A;;j)*l,
j=1
a F(kj +a)
KT TkpTa+1)

Thenduﬁ(q)) are normalized measures pan, n)N for anyp € (0, 1]V andk € NV,
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There are two important facts related to these measures. One is that the total variation of
dvg def du,f((p) forp = (1, ..., 1)is given by the generalized Jackson kernels; in fact, by
direct calculation we have

LT s
divel = ICNI [ T 7 (@) do.
j=1

j
The other is that the associated operat®ys

Pl f1(z) =/

[—7,7)

e di (@), zeUY, (2.1)
will provide the best approximation of polynomials.

Lemma 2.3. Let f be holomorphic o/" andp e (0, 11V.

(A) Pr[f1(z) is a polynomial of degree at mogt — N; moreover its jth variables degree
isatmostc; — 1, j=1,..., N, P[1] = 1.
(B) Px[f1(z) has another integral formula:

. N
P f1z) = Ck / » O[] 1;’”(1 —ap~@tba; (2.2)
p j=1

for anyp € (0, 1)V,

Proof. We first prove assertion (B). For apy= (p,, ..., py) € (0, 1)V, we can rewrite
(2.1) as
N kj+1\ o+l
k & [1-4
Pl f1(z) = CN/ f(2) 1_[ A —_ dA. (2.3)
pV o1 1-4

Notice that the item in the brackets is a polynomialidbr k = (k1, ..., ky) € N¥, so
that the integrand is holomorphic{a € U : 1; #0,j =1,..., N}.
From the binomial serie€l — w)¢*1 = 1+ 37, byw! for any|w| < 1, we have

o0
@A Thert =1 3 O <
=1
so that the integrand in (2.3) can be split into two parts
N Jkj+1 a+l
O[] Pl e
117y 1-4;
j=1
ANy > AR (k;+1)1
=fO 47 A=ap~ P+ rO [ [ 4,7 @ =2~ b "
j=1 =1 j=1
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Since the second term is holomorphictii, its integral overpT" vanishes, so that the
first item produces formula (2.2).

To prove (A), writez € CV in the formz = (z/, zy) Wherez’ € CN~1. Now we apply
formula (2.2), write the integral ovgf TV ~1 x p, T in iterated form, and then apply the
residue theorem to the integral oyeyT to obtain

N-1
Plflz) =C / I1 A;"f (1— i)~V Res(g(iy), 0) d/, (2.4)
p/TN—l j=1

where
() = FODATN (L= 2y)~@tD),

From the multiple power serieg(z) = 2%020b/}2ﬁ and the binomial series

o0

)" L +a+1)
1— p)y~@+h Td+a+ D
G ; Ta+1)
we have
g(w) = f(O2) g™ (L — Jy)~ @D
> 2 J kv v I'i+a+1
= D gl Gaz)P iy @D ™
B, By=0 =0
[e ¢
= Z b/}(/llZl)ﬁl ey azy 1) Pr-1Py Mig‘\’%wf’.
Bio- By 1=0 IT@a+1)
Thus,

Res(g(4v). 0)
_ Br. .. pyg py T ta+1)
= > bzt Gyazyn)v-iz TarD "

Py +l=ky—1

which is a polynomial of degree at mast — 1 with respect to the variablgy .
From (2.4), we know tha®[ f](z) is a polynomial ot with degree at mosty — 1. In
view of the symmetry of the variables, the proof is complete. [J

In [3], Colzani considered the approximation of polynomials from the spag:ed_%f/l
M, (UN) with scalar degree itV V. In this article we shall consider the best approximation
by polynomials with vector degrees. More precisely, for any semi-normed spacé/X on
with semi-norm|| - ||x, we define thédest approximation of f of orddrby X as
def

E:(f,X) = inf
7 (fs X) oMy

= Qxlix
k

where W def W,;(UN) is the polynomial space of vector degrees, i.e., the set of all poly-

nomials whose degree about ftievariable’s are at mogt; for eachj =1,..., N.
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The degree of approximation is provided by the moduli of continuity and the moduli of
smoothness.

Definition 2.4. Let X be a semi-normed space &' with semi-norm| - |x. For any

f eX,ando = (41, ..., 0y) > 0, we define the modulus of continuity bas
- d f l / l /!
0@, 10 E  sup 1@ - f@a)
|9/ -0 lels, v
where|0 — 0] = (|03 — 0], ... 10y — 0% D), Isy = [0, 31) x -+~ x [0, 8,) ande’’ z =
(021, ..., e0nz,).

Definition 2.5. Let X be a semi-normed space oM. Foranyf € X,1 € N, andé ¢
[0, 00), we define the slice modulus of smoothness of ofaer X of f as

f
wl(é,f,X)dze sup sup
0<h<deuN

MFO) -

where the higher differences are defined as
l
- —m l im
N QO = M FO =) (-1 (m>f<e "),
m=0

To study Jackson’s theorem @i, we need the following key lemma:

Lemma 2.6. LetX be a semi-normed space 6H' and f € X, then for anyk € NV
Ez (£, X) Sk, £,X)
provided the following two conditions hold:

(A) There exists > 0such thatws(%, LX) < ([ A llmax + 1)ws(?, f.X)forany/Z, o €
[0, o)V

(B) For anym € NV, there exists polynomiats,, of degree at mosiy (m; — s2) with
respect to the jth_vgriable/yheresl ands» are two absolute constants i, such that
1Gm — flixSw@/m, f,X).

Proof. Fixk = (k1,...,ky) € NV.We takem; = [k;/s1] + s2 thensi(m; — s2) <k;, SO

that there exists a polynomiél,, of degree at most (m ; — s2) <k; with respect to thgh
variable. By assumption, we get

1Gulf1= flix S o (T, £.X)
< (Hf + 1) o* (m f,x) <o (1/k, f,x),
m max

wherek/m = (ky/m1, ..., ky/my).
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SinceE; (f, X) = inf — , it follows that
(s X) lew,;”f Qrlix

Ep(f, X< NGulf1— flix-

Combining the above results, we have

Ex(£. 050 (T7k, £.X),

which completes the proof.[J

The preceding lemma concerns the approximation of polynomials with vector degrees. A
similar result also holds in the scalar case, in which the modulus of smoothness with higher
orders is involved.

Lemma 2.7. LetX be a semi-normed spacg,e X and/ € N. Then for anyk € N,

Ex(f, X)Swi(L/k, f,X),
provided the following two conditions hold:

(A) There exists > 0such thatw; (40, f, X) <(A+ Dwj (0, f, X) forany, é € [0, 00).
(B) there exists a polynomia¥,, of total degree at most (n — s2), wheres; and s, are
two absolute constants iN, such thatl|G,, — flix Sw;(1/n, f,X).

3. Bergman-type spaces

In this section, we consider the polynomial approximation in Bergman-type spaces. The
main result of this section is Theore3rb.

Let H(UN) be the set of all holomorphic functionsi" . For any Lebesgue measurable
functionfin UV, the integral means are defined by

1/q
My ) =] [ 1reoraa©] L 0<q <.
Mactr. /)= SUD £,

leTN

whereday({) is the normalized surface measure®.
Let0 < p < oo anda = (a1, ..., ay) > 0. We consider the weighted measure

N
dmy(z) = [ [@ = 12,1577 dm(z),
j=1

wheredm is the normalized Lebesgue measureliff. The weighted Bergman space
LP*(UN) is then defined to be the set of all holomorphic functighs H (U™ with

1/p
I fllLpony = (/UN |f(Z)|pdmog(Z)) < +o0.
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TheBergman-type spack”¢-*(U") isthe setofallf € H(U™) forwhich|| f | ;p.q.v)
< + 00, where

1/p
||f||Hp-q=a(UN) = (/ M;(”, ) d”zx) ,

”f”Hooq oc(UN) = Sup 1_[(1 — }’Z)a/M (V f)

relN j=1

Heredr, denotes the weighted measureidh
dm__[]u )P g,

Whenp = ¢, HP?*%*(U") turns out to be the weighted Bergman spage (UV).
Let P,,[ f] be the polynomial given by formula (2.1) for affye H(U"). If we consider
the following measure opm, m)V:

»7(a+1)

def 1-m
v () € |"1"[pf D@ ppt l1_[T 7, (9)dg (3.1)

foranyO< p; < 1,7 > 0, anda > 0, then we have the following estimates:
Lemma 3.1. Forany0 < n<1, m = (m1,...,my) € NV, and f € H(UY),

Pl - s@IS [ [re - rof ai o, (3.2

Proof. Itis well known thatifg € H”(U) and O< p<1thenforany O< r < 1 (sed5])

</ ”ﬁd@ <a-mp1/ l%’de (3.3)
By Lemma2.3, we find that for any € (0, 1)V
Pulf1@) = f(2) = /[ . (£ = 1@ ] didio), (34)
where
1—(p .e’(f’./)m/+1 at+l
d 51 d = NC l(/)j 1- m; J _ d .
(@) = dity () €Y ,l_ll(p @) [—1_ D ¢

Disregarding the constant, we have

_ (pNei(pN)mN+l

1 a+1 ,
i, () = (pye' o)L [ ] Al (@) doy,

1—pye'?n

wherep = (p/, py) ando = (¢', gy).
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To deal with the integral overn, )" in (3.4), we first rewrite it as an iterated integral
and then consider it as the integral oyerr, ). Therefore,

[Pl f1(z) — f(Z)IS/ 1g(pe'?, )| doy,
[—m,m)
whereg(pe'?, z) equals to
1 (pyelonymiti |t

1—pye'on

1-my

Py

‘ /[ 07D = SDNH (0

Leth(pe'?, z) denote the integral

j a+1
; 1— (pyel vy
"Pz) — P /
/[—ﬂ,ﬂ)Nl[f(pe 9@l [ 1— pye'®n d ity N—1(P)-

Theng(pe'?. z) = py, " [h(pe’?, 2)], s0 that
[Pl f1(z) — f(Z)ISPIl\me / : |h(pe'?, ) dy.
[—7m,7

Sinceh(pe'?, z) is a holomorphic function ofy = pye'®~ in A(U) for any fixedz € UV,
we can invoke inequality (3.3). The resulting integral oper:, 7)¥~1 can be dealt with
the same procedure as above. Finally, we can deduce that

[Pl f1(z) — f(Z)WSf

[—m,7)

. n a
e - sl ai o,
as desired. [

Lemma 3.2. Assumed < n <landn(a + 1) > 2.Then for anym € NV andp; =
1

1-—(=1,...,N),
m;j

f[ )N(Ilmwllmax+ Ddvi,m (@) =01) as m— oo.
—T,T

Proof. Recall that

N N
0, i (1=m;) - e
dv™ @@= [T o] " A= pp" ] T, 2 (@) do.
j=1 j=1

By Lemma2.2, we have

n(a+1)

N
/ (”m(p”max+ 1) l—[ Tl’n/il dqp =0 <n7lrl(a+1)—l) )
[-7,mN i1
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i ¥ -1 _ ;-1 J1d=m)
Observing that[[ (1 —p ;)" =m P ~land

j=1

- -

N

N
myr a
g~ (1145,
j=1 j=1

we obtain the desired result[]

Now we can show that Condition (A) in Lemn2a6 holds for Bergman-type spaces.
Lemma 3.3. Let0 < p,g<oo, s =min{l, p,q}, f € HP9*(UN), then
@ (7D, f. HP9HUN) < (|l mas+ D' B, f, HPTH(UN)),
Proof. By Definition 2.4,

- R N — i _ 0"
10" — 07 els.n

Assumel0’ — 0"| € 1,5y and taken = [||A]mad. Then

10 = 071 < I 4llmadj < (m+1)3), j=1,2,....N.

For simplicity, we only consider the caﬁg < 0’; foranyj = 1,2,..., N. The other
cases can be proved in the same way. We take an equidistant partitign,ofy , =
[0, 09) x -~ x [0, 07),i.e.,

m
105,09 = 01,7, 0141, .
1=0
[ .
wherel; ; = H/j + m—H(H/jf - H/j), j=21,2,...,N.Denotel = (01, ...,0,5), then

P m———
10; — O41] € I5 N
Denotes = min{1, p, ¢}. We claim that

N s

i0_\ i0" = i0 N i0p41
Hf(e 2) — f(e” 2) R < ; Hf(e z) — f(e"*2) HHP»M(W)' (3.5)
With this claim, we have
Hf(eie/z) ~ e’ H mrasmy S F D' (3, £, HP X (UN))

< (llmax+ D’ (B, f, HP9*UNY).
Hence, by Definitior2.4,

@ (70, f, HP4UN)) < (| llmax + D* B, f, HPX(UN).
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It remains to prove claim (3.5). We need only to consider the caseQg < oo, since
the case op = oo or ¢ = oo follows from the limit process. Notice, that for&r < 1

10e?2) - foe? )| < 3 | Foreiz) = frei®iz)].
=0
When 1< ¢ < +o0, it follows from Minkowski's inequality that
M, (r, fe?z) — f(e"()”z)> < i M, (h fetlizg) — f(e”}’z)> : (3.6)
=0
If0 < g < 1, we have
MY (r 772 = 17 D) < 3 MY (£ — 7)), (3.7)
=0
since(la| + |b))? <|a|? + |b| for any (a, b) € C2.

We split the discussion into four cases:

(i) 1<p < 400, 1<q < +o0.
From Minkowski's inequality and (3.6), we get

3

[ @D = )| <[ s - peetn|
=0

HP4-2(UN) HPaoUNY

(i) 0<g<1,0<g<p < +oo.
Since” >1, from (3.7) and Minkowski’s inequality we obtain
q

m

< ; Hf(e”)’z) — f(el¥+1z) H

q q

H F@2) - £z H

Hp.q,a((UN) Hp,q.y,(UN) :

(i) 0 <g<1,0<p<gLg<l.
Sincep/q <1, we have|a| + |b])P/1 <|a|P/? + |b|P/1, so that (3.7) implies

[ @D 2|

HPa.2(UN)

< - M‘] : 0\ _ 10141 ! dry
/IN [IZ:; q(r fez) — f(e z)):| T

p

Is

m
i0; o i0;41
S ; ”f(e Q) = fle Z)‘ HPax(UNy
(iv) 0 < p <1, 1<qg < +o0.
Sincep/q <1, by (3.6) we have
./ A 4
[ @D = )|

HP:a-%(UN)
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A
< / [ZM? (. .f(ei"fz)—f(ew’*lz))} dry
™ Li=o

p

< é | £2) = fietaz)

HPV‘I'“(UN) :

InHardy space&/” (U"), which consistofalff € H(U")suchthatsupg 1v M, (r, f)
is finite, we have the following similar conclusion:

Lemma 3.4. Let f € HP?(UV),0 < p < 400, s = min{1, p}, then
@ (70, £ HP(UN)) < (| Mllmax + D* @, f, HP(UN))
foranyl = (A1,...,2y) >0, 0 = (01, ...,0y) > O.

With the above preparation we can establish the main result of this section.

Theorem 3.5. Let0 < p,g< + 00, f € HP9*(UVN), then for anyk = (k1, ..., ky) €
NV,

Ex(f. HP 42U So (T, f, HP94U™))
Proof. Let P,[ f] be the polynomial in (2.1) and let= min{1, p, g}. We claim that

aviy>(¢). (3.8)

1PaLS1 = gy < f[ 7@ - 1@

‘ N
p—y HP-a2(UN)

We need only to prove (3.8) for & p, ¢ < oo, since the remaining cases can be proved
by suitable modification. Set= s in (3.2), take they /sth power, then integrate ovar",
and apply Fubini’s theorem to yield

ME 0, Pulf1— f) < /

[—m,mN

My (r €92 = £@)) vl (o).

The claim then follows from Minkowski’s inequality.
From (3.8), we have

1PuLf1 = Flypaamy < / 0 (9, £, HP2UY)) dvii (o),

[—m,mN

where@ denotes the vectate,|, ..., [@y]).
Picka > 0 such thak(a + 1) > 2. By Lemmas3.3 and 3.2 we obtain

”Pm[f] - f”jqp.q,oc(UN)
<o (I, f. HM*(UY)) f

[—m,m)

Um@lna+ 1) dvi™ ()

< (17?n 1, H”""“(UN)) . (3.9)
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Applying Lemmag2.6, 3.3, and 2.3, we finally get

Ei(f BP0 S (Tk £ BP9 W) O

4. Sobolev space

Let0 < p,g< + 00, >0, m € Z,. The functionf € H(U") is said to belong
to theSobolev spacwgfq,a(UN) it DPf e HP4*UN) foranyp = (By, ..., By) € Z
with || <m, where

alﬁl

ooy

Db =

For the Sobolev spaces, we have the following Jackson’s theorem:

Theorem 4.1. Let 0 < p<oo, 1<g<oo and letm be a non-negative integer. If €

m N
Wy, U™), then for anyk € N

Ee(f. HPUM)S Y0 o

a) <% DF, H”'q’“(UN)> :
\Bl=m

We need some lemmas before proving Theodein

Lemma 4.2. Letg € H(UN) and0 < p, ¢ < oo, then for anys e (0, co)™

N

(3, g, HP9%( UN))<25 98

ﬁz]

HPW(UN)

Proof. Let z € UN and writez = r{ with r € [0,1)N and{ € TV. We fix h =
(h1,...,hy) € Is, y and denote

yj=(rle . oorjalia) . wy = <Fj+1eih-"+1§/+1, -‘-,rNeihN(N> :
Consequently,
lg(e"2) — g(2)] = lg(re™ ) — g(rO)]
N

< Z|g(“/jarjeihjé’ja,“j) =80 1l 1l
j*l

(V],rj Cj»,uj)dej
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If 1 <g < oo, then Minkowski's inequality shows
M, (r.g"2) — g(2))

( [, Jeweo =0l doN@)l/q

(/.

j=1

2/\

i 0g 0,
/0 (V,, TRISNDY.L)

q 1/q
dO'N(C))

N hj ag q 1/q9
SZ/O (/ 20, (V.7 ngj,#j) dsz(C)) do;.
Jj=1 J
Therefore,
) N
M, (r,g(e’hz)—g(z)) Z ( P )
j=1 J
Forqg = +o0,
Mo (1. 8(e"2) — ()

N

hj
1
CeTN; 0

< suth

leTN j=1

Zé Moo( Z)

Moreover, in case of g < 4+ 00,0 < p < 400

N
| 0
My (r. g™~ g(2)) S 3 O7M] (r, f) ,
j=1 J

0

"
ajé’ (ijrjel ]Cj’.uj> do

’(’OC)‘

so that
Hg(e”“z) -8 HHM RS XN:5/ ‘ % :
. j=1 AN LERIUAD
which implies
0. g. HM”(UN))<25 ;Zg
J HPM(UN)

It is clear that the inequality also holds true in casg@ e +oco. [

189
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Corollary 4.3. Letg € H(UV), 0<p< + 00, and1< g < + oo, then for any0<d< + oo

N

(0, g, HP*(UN) <6 Z
/ Hl’q“(UN)

Lemma 4.4. SupposeQ; € HWYN), j =1,2,...,N, then there exist® ¢ HUV)
such that

_(Z) Qj(z)a J=1727'7Na (4‘1)
0z
if and only if
0 0
iy =%y, ij=12...N 4.2)
azl OZ]

When(4.2) holds,the solutions are given by
21 22
P(z) =/0 Q1({y, 22, - -.,ZN)dC1+fO Q2(0,{2, 23, ..., 2v) d(>

IN
+---+/ Qu(0.....0,Ly)dly + C, (4.3)
0
whereC is a constant.

Proof. We only need to verify the sufficiency. Namely, for any giv@n e H(UV) satis-
fying (4.2), if we takeP as in (4.3) therP is a solution of Eq. (4.1). Indeed,

—()—/ a—Q1(Cl,z2,.. ZN)dC1+f 5_92(0 (o023, .. zn) d{
—/ Q;0,...,0,{;,zj+1, - -» 2n) d{;
0zj Jo

22 a
/ Q](élaZZa-~-aZN)dcl+/\ _Q](Oa CZ’Z3""5ZN)dC2
0o 0z2

+Qj(O,...,O,Zj,Zj+1,...,zN)
=Q;(Z1,--.,ZN)—Q;(O,zz,--.,zN)+Qj(O,zz,-.-,zN)
+---—=Q;(0,...,0,zj,...,z28) + Q;(0,...,0,z;,...,2y)
=0;(2). O

In Sobolev space, we estimate the error of the polynomial approximation by the slice
modulus of smoothness. To this end, we need to modify the approximation polynomial
given by (2.1). Namely, we define

AL E [ foe?2duy o)

[—7,m)
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foranyO0<p <1, ke N, ze UN. Here

; 1
- 1 (pel 0yt

ip\1—k
dp, (@) = (AD (pe'?) [ T e do
being the normalized Lebesgue measuré¢-em, 7)™ for any fixeda > 0.

Lemma 4.5. Let f € H(UV), then

(A) Fr[f1(z) is a polynomial of degree at mast- 1; Fi[1] = 1.
(B) Forany0O < p,q < ocoanda > 0we have

1
I Felf1— f||Hp-t1,%(UN) <o <z7 S HP’fMC(UN)> .

(C) Foranyl<i, j<N

—Fk I:afi| (z2) = iFk |:@fi| (2).

0z 0z 0z 0z

Proof. (A) follows from Lemma2.3. (B) follows from the same ideas as in the proof of
Theorem 3.5. (C) follows from the integral representatioijof [

Now we can give the proof of the main result in this section.
Proof of Theorem 4.1. Letmandkbe integers ankl>m + 1. For the proof of the theorem

it is sufficient to construct linear operataPg ; with the following properties: For any e
H(UY), P, [ f1(z) is a polynomial of degree at mdssatisfying

F 7 0, [0 f]
—P, = 4.4
0z . [&,} @)= 0z j [5& @ (4.4)

foranyi, j =1,2,..., N, and, furthermore, iff € W;fq’a(UN) then

1 1
HPm,k[f] - f”Hp.q,rz(UN) 5 Z k_mw <z, Dﬂf, Hpvqs“(UN)> ) (45)
|Bl=m

To constructP,, x we apply induction orm. Whenm = 0 we setPp; = Fy. In this
case the properties follow from Lemmzb. Assume now that the properties hold true for
m=1>0.

Form =1+ 1andf e W7, ,(UN), we have §f € HP9*UN), |f| =1+ 1.

. . . .0
Applying the inductive assumption tgi (j=1,2,...,N),thenforanyk>m =1+ 1
<j
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we get
0 0
‘Plk 1|: f] —f
62] aZ] HP-a-2(UN)
1 al/ﬂJrl N
- , CHP1Y(U 4.6
PN 5 (k—l o, 1 )> “o
and

0 5f} 0 [W} .
P 1| — — P11 | = Vi,j=1,2,..., N.
0z hE l|:01j 0z bt 0z /

Motivated by Lemmat.4, we introduce the operator:

71 22
T(Q1,..., QN)(Z)Z/(; Q1(ly, 22, -5 ZN)dCH-/O 92(0,85,23,...,zy)d{s

N
_|_...+‘/(; Oy, ...,0,{y)dly.
If we set

0 0
Pl fl@) =T (Pl,kl [ai] Pri-1 [ zf D ()

then, by construction?’ ; ,[f1(z) is a polynomial of degree at mokf and Lemmat.4
tells us that

o, of
EPH_;L,k[f](Z) P [ﬁzj (2),

which implies

0 of of a af
52, — Pl [6 } (2) = Pri-1 [ﬁz,ﬁz,} () = P1+1 k [ } ().

On the other hand, by (4.6) and Lemma 3.3 we have
af
aZ] HPa-2(UN)

of } of

0z 0z

0
Ha prod)-

Pri-1 [
HPa:%(UN)

1 alﬁHl .
Hp"Iv
Nlmzlac v \e-r g, YD

1 oAt .
< - Z HP4
Nlmz_lk, o\ & aa AU,
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so that Lemm&.2 shows

1
w (E’ Pl f1-f, Hp’q’“(UN)>

af
<
Z H Pl L f1— 6z, I~
1
<Y Wwo(z,Dﬁf, H”’q’“(UN)>. (4.7)
|pl=l+1

Thus, the same argument as in (3.9) shows

1
||P0,kf - f||Hp-q,x(UN)§CU <z, f, HP"L%(UN)> .
Now, replacing with Pf;l’k[f] — f and applying (4.7) yields
” Pok [Plfi-l,k[f] - f] - (Plj-l,k[f] - f) ”Hp,w(UN)

1
So <%, Pl lf1= 1, Hp’q’x(UN)>

1 1
5 Z W w(%,D'[gf, Hp’q’a(UN)>‘

IBl=i+1

Motivated by this inequality, we can define

Pria il f12) = Plg 1 [f12) + Poxlf1(2) — PoxlPlyq 1 [f11(2),
so that the preceding inequality shows exactly that (4.5) holds true. Cl@arky[ f1(z)
is a polynomial of degree at mdstandP;1 «[ f1(z) satisfies (4.4).
From Lemmas 2.7 and 3.4, we get the desired reslilt.

5. Hardy spaces

As in Bergman-type spaces and Sobolev spaces, we can establish similar conclusions in
Hardy space#/? (UV).

Theorem 5.1. Let0 < p< + o0, f € HP(UVN), then for anyk € NV,
E(f HY U)o (Tk £ HYWY)).
Proof. Denotes = min{1, p} and set; = s in (3.2), then for anyn € NV

Pl f1@) = f@I S f e - raf avi o
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By Minkowski’s inequality
1Pl £12) = f @y

= lim M3 . Pulf]— )

r—>1-

r—1-
[—m,mN

Stm o [y (n e - 7@) ad o)

[ reen-saf,, . e o

Hl’(UN)
[—m,mN

< [ o (prreM)al .
[~mm¥N

Here we used the monotone convergence theorem. By LerBr2dand 3.4, the above item
can be further estimated by

o (T, £, HP ™)) / (I llmax+ 1) dviy™“ (@)
[-mmN
<o (17?n 1, HP(UN)>.
The result then follows from Lemmas 2.6 and 3.4]
Definition 5.2. Let 0 < p< + o0, « > 0, andm be a non-negative integer. A function
f e H(UN) is said to belong to Hardy—Sobolev spagg (U") if DFf ¢ HP(UV) for
any multi-indexp with || <m.

A similar argument as in Theoreml gives the following result:

Theorem 5.3. Let1< p < + oo andm be a non-negative integer. ff € W, (U") then

1 1
Ex(f, HP(UY)S |/3|X—: O (;, DFy, HP(UN>) :

This extends the result of Colzdidi] for m = 0.

6. Polydisc algebra

Thepolydisc algebrad (U") is the class of all holomorphic functions " with con-
tinuous extension to the closure bfY¥. Recalling the notatiorBy 3 in Lemma 2.1 we
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define

I
) .
Y (=t (u)ﬂe'wz)nﬁ(qo)d ¢

u=1

1 Y
Llf1) & o f

for any fixed!, 5 € N.

Lemma 6.1. Let f € A(UN) andk e N, thenl[f](z) is a polynomial of degree at most
Bk —1).

o
Proof. Fix z € TV. From the homogeneous expansiftx) = > P,(z), Lemma2.1
m=0

implies that foru = 1,2, ...,/

)T p(p)de

-7

T . ﬁ(k_l)
/ Z P (z)e™? . Z Cicoslpde
- 1=0

m=0

v
Z Co P (2) e cosmup de.
mu < pk—1) o

This showsl;[ f1(z) is a polynomial of degree at mogtk — 1). [

Lemma 6.2(DeVore et al[4]). Suppos® < J, 1 < +o0, f € A(U), then
wr (48, f, A(D)) <G+ Do (6, f. AD)).

Lemma 6.3. Suppos® < §, 4 < 400, f € A(UV), then

o1 (46, 1, AUM)) <O+ Dor@, £, AUM).
Proof. For anyl e TV, consider the slice functioyi, of f, where f: (1) = f(ud), pe U.
Then Lemm&5.2 implies
w1 (20, fr, AU <G+ D an (8, fr, AU)).
By Definition 2.5 we have
w10, fr, AU < (3, f, AUM))
for arbitrary( € TV, so that
(28, fr. AWUN <+ D ay (0, f. AWUM)).
Again from Definition2.5 we have

a1 (20, £, AUMN <G+ Dy, £, AUY)). O



196 G. Ren, M. Wang / Journal of Approximation Theory 134 (2005) 175-198

The following theorem is our main result i(U"), which recovers Theoreth2 when
N =1andl =1.

Theorem 6.4. Let f € A(UVN), then for anyk, [ € N,

. 1
Ec(f. AUM) E inf max|f(2) - P So (E’ £, A(UN>) .

kENMk .cyN

Proof. For any{ e TV, from the definition ofAlz(pf(C) and Lemma6.3 we get

|LLF1O) = £

* (1AL, FOT 20) do

N

w12l £, AUNNTF 2¢)do

N
g
A Nia

1 T
o A(UN>) fo "1+ 2%p)' T (2¢) dop

l
_ = 1‘ N & l urpf
= 5" (k,f,A(U ))/0 u;(u)(ke) 77 (0) d0.

Setting 8 > [ + 1 and applying Lemma 2.1 we find

1
|10 = FO] <Cp-on <Z’ 1 A(UN)> :

The result now follows from Lemmdk7 and 6.3. O

7. Lipschitz spaces

The Lipschitz space Li;(UN), 0 < y<1, consists of all holomorphic functiong e
A(UV) satisfying

1Anf Ol =1£"0) = fFOISLIA)
forany{ e TV andh e R. HereL > 0 being the so-called Lipschitz constant.

Definition 7.1. Letm € Z,. The functionf € A(U") is said to belong to the Lipschitz
spaceLip (U") if D*f € Lip,(U") for any|o| <m.

Theorem 7.2.If f e Lip}"(U") then

C.
E(f AUM)SLomn, kel
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Proof. By induction, one can easily verify that for arfye A(UV)
A f (™)

dm+lf

- /[O,h]’”+l d6m+1

am . dam .
:/[.Oh] _dO’{ (gt(00+h+r1+---+rm)c> _ domf (61(00+r1+~--+rm)€) dr. (7.1)

If f e Lipy'(UN) thenD*f € Lip,(U"Y), || <m, so that

(ei(90+r1+,..+rm +rm+1) C) drmy1dr

ID*f (") — D* £ (OI<LIA".

Since
df o N TN
—7"0 :iZE(el 0e'¢;,
j=1"%/
we have
df e df N m_a_f‘
25" dO(C)‘ g; aq(e De az,@
Y0F il Yor of
g I o ih ih _ 1 YJ ik _ )
; azj(e C)‘ e ’+; > ") i O

= O(h")
for0 < y<1, namely,% (¢'77), as a function of), is a Lipschitz function of degree By
induction, we know tha% (¢'90), as a function of), is a Lipschitz function of degree

Therefore, formula (7.1) implies

AFO| <Lin .

Hence

o) } AUMY) <
m+1 k’f’ ( )

X km+)’ .
The result now follows from Theoret4. 0O

WhenN = 1 andm = 0, Theorem 7.2 recovers Theorem 1.3.
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